CHEMISTRY 158a, FALL, 2008
PROBLEM SET V

1) Consider a system of 4 identical but distinguishable particles in which the total energy is 4E0.  Each particle is a harmonic oscillator with non-degenerate energy eigenvalues given by the expression Ev = vE0 = vhc(e where v  =  0, 1, 2, 3,… (All energies in this problem are given relative to the ground state.)

a) Find all the configurations consistent with the above constraints.

b) Calculate the number of microstates in each configuration.

c) Locate the dominant configuration. Are fluctuations from this configuration likely?

d) Repeat parts a-c for a system of 9 particles with a total energy of 9E0.

2) You will use the results of problem 1 in this exercise.  Using the Boltzmann equation, nv = (exp(-Ev/kBT), analyze the distribution of the distinguishable particles for the system of 9 particles with a total energy of 9E0.  Assume that (e is 50 cm-1.  
a) Determine the numerical value of the constant (.

b) Fit the distribution to the Boltzmann equation and determine the temperature.  Hint: plot ln(nv) versus Ev.  Is the temperature well defined?

c) Calculate the entropy of the system in the dominant configuration.

d) Calculate the energy of the system in the dominant configuration.

3) The number of ways of achieving the configuration h heads and t tails after n consecutive tosses of a fair coin is W = n!/(t!h!).  Assume in this problem that n is a large number.  The central limit theorem, an important result in statistics, is revealed in this problem.

a) Eliminate t from the formula for W by using the condition n = h + t.

b) Show that W is maximized when h = n/2.  Hint: find where ln(W) is maximized.

c) For fixed n, expand ln(W) in a Taylor series about h = n/2 through the quadratic term.

d) Using the truncated but still accurate Taylor series expansion for ln(W), solve for W.

e) The result obtained in part (d) will bear a remarkable resemblance to the celebrated Gaussian error function, P = Nexp[-(x-()2/2(2] where ( is the mean and ( is the standard deviation.  Compare your result with the Gaussian formula and find ( and ( for the coin flip example.

f) What is the limiting value of the ratio (/( for large n.  Interpret the result.

4) Two-dimensional problems are relevant in materials science.  Derive expressions for the following quantities of a two-dimensional ideal gas:
a) the average speed

b) the root-mean-square (rms) speed

c) the most probable speed

d) the average translational kinetic energy

5) Consider one mole of gaseous hydrogen chloride at a sufficiently low temperature that only the J = 0 and 1 rotational states have an appreciable population. Assume that the temperature is high enough that the translational energy spacing is still small compared with kBT.
a) Derive an expression for the rotational partition function.

b) Derive an expression for the rotational energy, U(rot).  Use the expression 

U(rot) = N(J = 0)E(J =0) + N(J = 1)E(J =1).
c) Using the definition CV = ((U/(T)V,N, derive an expression for CV.

d) Using the results from parts (a) and (b), derive an expression for the rotational entropy.

e) Can we use the results of Boltzmann statistical mechanics to perform these calculations at a temperature so close to 0 K that the translational energy spacing is comparable with kBT?  

6) Consider the simple model presented in class. A protein has three states-F, I, and D-with degeneracies of 1, 2, 3 and energies of 0, 1, and 2 units, respectively. 

a) Find all the microstates for the case of 6 molecules (N= 6) and a total energy of 3 units and sort them into configurations. Calculate the entropy of the dominant configuration. 

b) Suppose that N is very large and that the energies of the F, I, and D states are 0.00, 1.00, and 2.00 kJ/mole. Calculate the mole fraction of denatured protein at 100, 298, and 500 K. 

7) A cell with a radius of 10.0 μm is immersed in an isotonic solution containing a drug at 4.0 μM.  The cell wall is 80.0 Å thick.  The diffusion constant, D, of the drug is 5.0 x 10-7 cm2/s.  Hint:  Convert all quantities to the same system of units!! 

a) Assume that the intercellular concentration of the drug is initially zero.  Calculate the gradient of the drug concentration across the cell wall.  This is a one-dimensional diffusion problem in which the relevant coordinate is the radius of the cell. 

b) Calculate the initial flux of drug molecules across the cell wall.  Assume passive transport which is an example of diffusion.

c) Calculate the number of drug molecules which cross the cell wall per second.

d) Calculate the time for 68% of the molecules crossing the wall at any instant to reach the center of the cell.

e) The following molecular model has been proposed for diffusion in condensed phases.  A solute molecule is surrounded by solvent molecules which serve as the walls of the cage and the trapped solute molecule rattles around in the cage.  Occasionally the solvent and solute molecules switch position and the solute molecule finds itself in a new cage.  Each exchange corresponds to one step of a diffusional random walk.  The mean free path, λ, is the average molecular diameter.  Assume that λ is 5.0 Å.  Using the answer obtained in part (d), calculate how many steps are required for 68% of the molecules to reach the center of the cell.

