ANGULAR MOMENTUM, AN OPERATOR APPROACH

Angular momentum is a physical property that pervades all of physical chemistry.  In the illustrative cases of rotating molecules and electrons moving about the nucleus, angular momentum is described by a wave function that is a function of Cartesian coordinates.  The text book introduces and develops angular momentum in this wave and deals with Legendre polynomials.  However, angular momentum is far more general and is the central concept in NMR spectroscopy.  In this case, one deals with the spin of particles which is defined in spin space.  There is no wave function; one uses the Dirac notation and employs an approach based on operators.  The operator formalism which was developed by Heisenberg handles all classes of angular momentum and will be the approach in this course.  Therefore we shall use one formalism to describe all facets of angular momentum and avoid the complexities of Legendre polynomials.


We shall designate generalized angular momentum by the symbol J.  Generalized angular momentum has 3 components, usually designated by Jx, Jy, and Jz.  Some authors will refer instead to J1, J2, and J3 to emphasize that only some classes of angular momentum are defined in Cartesian space.  The fundamental basis of angular momentum theory is the set of commutation relations:
         a) [J2, Jz] = 0      (1)

         b) [Jx, Jy] = i(h/2()Jz  and cyclic permutations (x(y, y(z, and z(x)    (2)

Equation (2) shows that one cannot know simultaneously the value of two or more components.  Any two components constitute a conjugate pair such as x and px.  One can conclude from equation (1) that one can know at most the magnitude of angular momentum, e.g. the length of the vector, and one of its components usually designated as the component along the z or 3 axis.  
These results are represented pictorially by the vector model.  Imagine a spinning top or Dreidel.  Curl your fingers around the axis of the top and your thumb will point in the direction of the angular momentum vector.  Under the influence of gravity, the top spinning on a table will process around the z axis, the axis perpendicular to the plane of the table.  The orientation of the vector with respect to the z axis will be fixed.  This corresponds to a well defined eigen value of Jz.  The precession of the vector around the z axis corresponds to the x and y components not having well defined values, i.e. eigen values.
Since J2 has a well defined value, there exists a quantum number j that specifies its eigenvalue.  One can show that j must be an integer or half integer.  It must be integer for all problems defined in Cartesian space because of the requirement that wave functions be single values, i.e. ((( = 0) = ((( = 2().  Similarly, a second quantum number m is associated with Jz.  The pair of quantum numbers j, m are required to specify an angular momentum eigenstate represented by the ket |j,m>.  The two quantum numbers are related.  Namely j ( m ( -j; successive values of m differ by the integer one.  We shall also show below two very important relations:
       J2|j, m> =  j(j + 1)(h/2()2|j, m>    (3)

       Jz|j, m> = m(h/2()|j, m>       (4)

Demonstration of Equations (3) and (4)

Since J2 and Jz commute, they can simultaneous have eigenvalues which we shall designate as ( and (.  Without further information on the restriction on their values, we shall designate the eigenkets by these eigenvalues rather than by the as yet unknown quantum numbers.  That is,

        J2|(, (> = (|(, (> and Jz|(, (> = (|(, (>      (5).

Since J2 = Jx2 + Jy2 + Jz2, it follows that

           <(, (|J2|(, (> = <(, (|Jx2|(, (> + <(, (|Jy2|(, (> + <(, (|Jz2|(, (>    (6).
Using equations (5) and the orthonormal property of our eigenkets, equation (6) simplifies to

         ( - (2 = <(, (|Jx2|(, (> + <(, (|Jy2|(, (>  (7).

<(, (|Jx2|(, (> can be rewritten as <(, (|Jx Jx|(, (>.  The combination Jx|(, (> represents the result of Jx operating on a state with eigenvalues ( and (.  The effect of the operator is to convert the state represented by |(, (> into another state represented by a|(’, (’>.  That is Jx|(, (> =  a|(’, (’>.  Consequently,
        <(, (|Jx2|(, (> = <(, (|Jx Jx|(, (> = a2<(’, (’|(, (>  ( 0  (8).
Both terms on the right hand side of equation (8) are positive and therefore 

<(, (|Jx2|(, (> is positive.  Similarly, it follows that <(, (|Jy2|(, (> is positive and therefore ( - (2 ( 0 or ( ( (2.  In other words, the eigenvalue of J2 sets restrictions on the eigenvalue of Jz.  This makes intuitive sense when working in classical Cartesian space but must be demonstrated from the postulates for the general quantum mechanical problem.

Demonstration that the Allowed Values of ( Differ by h/2(

In order to proceed we shall define two new operators:

      J+ = Jx + iJy, the raising operator   (9)

      J- =  Jx - iJy, the lowering operator (10).

Consider the operator JzJ(.  By using the commutation relations and the definition of the raising and lowering operators, one can show that the operator JzJ( is equivalent to
 J+(Jz ( h/2().  It also follows from the commutation relations that J2 and J( commute.  

Consider then the effect of J(  on |(, (>, i.e. J(|(, (> = b |(”, (”>.  To answer the question, one shows that |(”, (”> is an eigenfunction of J2 and Jz and determines its eigenvalues. First, consider J2 used in combination with J(.
J2b|(”, (”> = J2J(|(, (> = J(J2|(, (> = J( (|(, (> = ( J(|(, (> = ( b|(”, (”>  (11).

That is, the raising and lowering operators do not change the eigenvalue of J2 and hence the j quantum number.  In contrast, J( raises/lowers the value of  ( in integer steps, i.e. by h/2(.  This result is the source of equation (4) which declares explicitly that ( = m(h/2().

The relationship between ( and ( follows from a repeated application of the raising or lowering operator.   (2, the square of the eigenvalue for Jz, can never exceed (, the eigenvalue for J2.  Eventually the application of J+ will lead a state with the maximum value of ( and hence m.  Applying J+ to this state will yield a null result.  Similarly applying J- on a state with the minimum value of ( and hence m will also yield a null result.  Useful operators for sorting out the details are J+J- and J-J+ which can be shown via the commutators to be equal to J2 - Jz2 -(h/2()Jz and J2 - Jz2 -(h/2()Jz, respectively.  The final result after several steps of algebra is ( = j(j + 1)(h/2()2.
SUMMARY OF IMPORTANT RESULTS

Angular momentum is any quantity that obeys the commutation relations (1) and (2).  The same relations apply to all types of angular momentum.  These relations constitute one of the great generalizations of physics and provide the basis for the structure of the periodic table and the organization of elementary particles.

I) The eigenvalue for J2 is given by j(j + 1) (h/2()2.  
That is, J2|j, m> = j(j + 1) (h/2()2|j, m>.
II) The eigenvalue for Jz is given by m(h/2().

That is, Jz|j, m> = m(h/2()|j, m>.

III) The quantum number j is either an integer or a half-integer.  The values of j for problems in Cartesian space such as molecular rotation must be integers.

IV) The quantum number m ranges in integer steps between -j and +j.  For each value of j, there are 2j + 1 values of m.  For example, for j = 3/2, the spin angular momentum quantum number for the 35Cl nucleus, m equals -3/2, -1/2, 1/2, and 3/2.

V) The effect of J( = Jx ( iJy on a state is to increase(+)/decrease(-) m by one but not change j.  That is, J(|j, m> = (h/2()[j(j +1) - m(m ( 1)]0.5.

VI) In many applications such as NMR, angular momentum is used in units of h/2(.  That is, in all the equations, replace h/2( with unity.  This convention greatly simplifies the algebra.  With this approach, one only has to deal with multiples of Planck’s constant once in a derivation.


As noted above, the same equations apply to all types of angular momentum but the symbols change.  Here is a summary of frequently encountered examples.

Type of angular momentum                       J     j     m
electron orbital angular momentum           L    l     ml   
molecular rotational angular momentum   P    J    MJ
electron spin                                               S    s     ms
nuclear spin                                                I     i     mi
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